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INTRODUCTION
One-sided shift operators on separable infinite dimensional Hilbert
spaces are well known and have been studied in various contexts in
 functional analysis. For an account of these operators see Halmos H and1
 Kato K . As this class of operators has been found to be important,
extensions and generalizations have been introduced by various authors;
 see, for example, the papers of Crownover C , and the more recent paper
   of Holub Ho . In C the author introduced a basis free generalization of
the classical right or forward shift to arbitrary Banach spaces and extended
1 The author expresses his gratitude to Cleveland State University for granting professional
leave in 19992000 to continue his scholarly work.
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some of the properties of the classical counterpart to this class of general-
ized shifts. The current interest on generalized shift operators originated
   with the paper Ho which appeared in 1988. In Ho , the author apart
from reformulating the definition of generalized forward shifts presented
 in C , introduced generalized backward shifts on arbitrary Banach spaces
extending the definition of a left or a backward shift on a separable
infinite dimensional Hilbert space. It is to the credit of Holub for raising
the fundamental problem of the existence of the generalized forward or
backward shifts on specific Banach spaces and partially answering the
problems in some cases.
We plan to present here an exposition of generalized backward shifts on
Banach spaces thus complementing the account on shifts presented by
 Rajagopalan and Sundaresan RS at a conference in Chennai, India, in4
December 1998. Though the emphasis in this paper is on generalized
backward shifts since these shifts are intertwined with generalized forward
shifts, we present some relevant facts concerning forward shifts for com-
parative purposes.
The plan of the exposition is as follows. In Section 1 we present the
definitions of the generalized shifts and establish the basic properties of
generalized backward shifts. In Section 2 we discuss the problem of
existence of generalized backward shifts in the case of the classical Banach
Ž . Ž .spaces C X and L  , 1 p . Finally we state several unsolvedp
problems concerning backward shifts with which we conclude the exposi-
tion.
We adhere to the following notation. E denotes an arbitrary Banach
space unless otherwise specified. All linear transformations or operators in
this exposition are continuous. If T is a linear transformation on E into
E, we refer to T as a linear operator on E. The Kernel and range of a
linear transformation are denoted respectively by Ker T and Ran T , as
usual. If M is closed subspace of E, we note the quotient space of E
Emodulo M, with the usual quotient norm by . If x , x , . . . , x are in E,1 2 nM
 then the span of x , x , . . . , x is denoted by x , x , . . . , x .1 2 n 1 2 n
1. GENERALIZED SHIFTS ON BANACH SPACES
A linear operator T on an infinite dimensional separable Hilbert space
H is called a right or forward shift if there is a complete orthonormal
 4system  , in H such that T   for n 1. With T and H asn n1 n n1
above, T is called a left or a backward shift if there is a complete
 4orthonormal system  such that T  0, and T   for n 2.n 1 n n	1
Basis free generalizations of these operators have been discussed in C,
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Ho . We recall the definitions of these generalized shifts as introduced in
 Ho as it is the relevant one for our study here.
DEFINITION 1.1. A linear operator T on a Banach space E is called a
generalized forward shift or simply a shift if
Ž .1 T is an isometry on E E
Ž .2 Ran T is of codim 1, and
Ž . n  43  Ran T  0 .n1
 It must be mentioned that Crownover in C considered an operator T
on E as a generalization of the classical right shift if T is as above except
Ž .T is required to satisfy instead of the isometry condition 1 the weaker
condition that ‘‘T is injective.’’
 Holub in Ho introduced also a basis free definition of backward shifts
on arbitrary Banach spaces, thus generalizing the classical left shift on a
separable Hilbert space.
DEFINITION 1.2. A linear operator T on a Banach space E is a
generalized backward shift if
Ž .1 Dim Ker T 1,
EˆŽ .2 the transformation T induced by T on into E defined byKer T
ˆŽ . Ž .T xKer T  T x is an isometry, and
Ž . n3  Ker T is dense in E.n1
In the rest of the paper we refer to a generalized forward shift simply as
a shift, and a generalized backward shift as a backward shift. For funda-
mental properties of forward shifts, see the exposition on the topic in
 RS . We start remarking on backward shifts on Banach spaces, after4
starting a nontrivial property of these shifts.
PROPOSITION 1.3. If T is a backward shift on an infinite dimensional
Banach space E, then the range of T is all of E.
Ž .  Proof Sketch . With T as in the proposition let Ker T z , for some
Ž . Ž .z 0. Since T E is a closed subspace as seen from condition 2 in
Ž . nDefinition 1.2, it is verified that if z T E , then Ker T Ker T for all
Ž . Ž .n 1, violating condition 3 in Definition 1.2. Hence z
 T E , and
Ž . n Ž .Ker T T E . By induction it is verified that Ker T  T E , for all
Ž . Ž .n 1. Hence condition 3 in Definition 1.2 implies that T E  E.
We present some examples of Banach spaces admitting backward shifts.
If E admits a backward shift then E must be separable as a consequence
Ž . nof condition 3 in Definition 1.2, since Ker T is of dimension n.
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EXAMPLE 1.4. If E is any of the Banach sequence spaces l , 1 p ,p
Ž .or c , then the operator T : E E, defined by T x  y, y  x ,0 n n1
n 1 is verified to be a backward shift. Since l is nonseparable, it follows
that l does not admit a backward shift. It is shown later that the Banach
sequence space of convergent sequences c does not admit a backward
shift.
In contrast to the above example it is easily verified that the spaces l ,p
1 p , c , and c admit forward shifts. See for details the account on0
 forward shifts in RS .4
The situation concerning the existence of backward shifts on finite
dimensional spaces is different. In this case the range of the backward shift
Ž . Ž .is a subspace of codim 1 as a consequence of conditions 1 and 2 in
Definition 1.2. Further, the Ker T i stabilizes. In fact it is easily verified if
dim E n, and T is a backward shift on E, then Ker T n E.
Let l n be the n-dimensional normed space with the usual l norm,p p
n n Ž .1 p . Then the operator T : l  l defined by T x , x , . . . , x p p 1 2 n
Ž .x , x , . . . , x , 0 is easily verified to be a backward shift.2 3 n
We note in contrast no finite dimensional Banach space admits a
Ž . Ž .forward shift because of conditions 1 and 2 in Definition 1.1.
It is interesting to note that the generalized backward or forward shifts
are not invariant under isomorphism, while as is evident from the defini-
tions they are invariant under isometries. To see this we need an interest-
ing sufficient condition for the nonexistence of a backward shift on an
 infinite dimensional Banach space due to Holub, proved in Ho .
THEOREM 1.5. If E is an infinite dimensional Banach space whose unit
ball has at least one extreme point, but at most finitely many extreme points,
then E does not admit a backward shift.
Ž .Proof Sketch . If possible, let T be a backward shift on E. Since E is
ˆŽ .infinite dimensional T E  E. Further since T is an isometry, it is
 verified that T  1.
The central idea of the proof is to verify that if e is an extreme point of
the unit ball, then there is an extreme point e of the unit ball such that
Ž .  4T e  e. Thus if e , 1 iN, is the set of extreme points of the uniti
 4ball then there is a permutation  of the set of integers 1, 2, . . . , N such
Ž . Ž .that T e  e , 1 iN. Now from condition 3 in Definition 1.2, iti  Ž i.
1 follows that there is an integer n 1, such that e 	 w  for someŽ1. 2
n  w
Ker T . Since T  1, it follows that
   n n   n1 e  T w	 T e  e  1,1 Ž1.  Ž1.
a contradiction.
 For complete details of the proof, we refer to Theorem 3.1 in Ho .
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We proceed now to show that the existence of a backward shift on E is
not isomorphic invariant.
EXAMPLE 1.6. Let l 2 be the two dimensional space with the supremum
norm, and C be the Banach space of null sequences. Let E l 2  C0  0
Ž .    2   2 12 Ž .with the norm defined by x, y  x  y , for x, y in E,2 0
    2where and are the norms of the spaces l and C , respectively. It2 0  0
is verified that E has only four extreme points and it is isomorphic to C .0
Since there are backward shifts on C and there are no backward shifts on0
E as a consequence of the theorem above, it follows that the existence of a
backward shift is not isomorphic invariant.
As in the case of backward shifts the existence of a forward shift is not
 isomorphic invariant. We justify the claim. It is proved in Ho that the
 Banach space C 0, 1 of real valued continuous functions does not admit aR
  Ž .forward shift while it is proved in HA the Banach C  of real valuedR
continuous functions on the Cantor set  admits a forward shift. As a
 consequence of a well known theorem of Miljutin M it follows that
  Ž .C 0, 1 is isomorphic with C  justifying the claim.R R
We conclude this section by addressing the problem: If a Banach space
Ž .E admits a forward shift backward shift must E* the dual of E admit a
Ž .backward shift forward shift ? We refer to this as the duality problem.
We note that the duality problem is irrelevant in the class of finite
dimensional Banach spaces as no finite dimensional space admits a for-
ward shift while we already remarked in Example 1.4 that the spaces l np
admit backward shifts.
We state the results here without proofs as the results follow easily from
 known theorems on linear operators; see, for example, DS .
THEOREM 1.7. If E is an infinite dimensional Banach space with a
backward shift then there is a forward shift on E*.
The converse claim is not true, for example, the Banach space l admits1
a forward shift; however, the space l , the dual of l , fails to admit a 1
backward shift.
However, we have a complete duality between the two classes of shifts in
the class of reflexive Banach spaces.
THEOREM 1.8. A separable infinite dimensional reflexie Banach space E
Ž .admits a forward backward shift if and only if E* has a backward
Ž .forward shift.
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2. BACKWARD SHIFTS ON FUNCTION SPACES
 Holub Ho raised the basic problem of existence of generalized shifts
Ž . Ž .on specific Banach spaces, in particular on the spaces C X and L  .p
He obtained partial results on the problem of existence of backward shifts
Ž .on Banach spaces C X of real valued continuous functions on an infinite
 compact Hausdorff space X. It is deduced in Ho that if X has finitely
Ž .many connected components then there are no backward shifts on C X .
Ž .The problem has been completely settled for the Banach spaces C X or
Ž .real complex valued continuous functions by Sundaresan in collaboration
 with Rajagopalan, and their solutions appeared in RS , RS , respectively.1 2
Here we discuss the general approach to this problem indicating the proof.
We further discuss here the existence of backward shifts on the function
Ž .spaces L  , 1 p .p
 The approach to these problems in the papers RS , RS is geometrical.1 2
The crucial step is provided by the next theorem which is also of indepen-
dent interest. Before proceeding to the theorem we present some notation
and a useful lemma.
In the rest of this section, X is an infinite compact Hausdorff space.
Ž . Ž .C X and C X denote the usual Banach spaces of real and complexR C
valued continuous functions on X, respectively.
Ž .  4 Ž .DEFINITION 2.1. If f
 C X , and t , t  S f , the support of f , we1 2
Ž .associate with the ordered pair t , t the Borel measure1 2
f tŽ .2 4 t 1    f t  f tŽ . Ž .1 2
and
	f tŽ .1 4 t  .2    f t  f tŽ . Ž .1 2
 It is verified that f 
 f .Ž t , t .1 2
Ž .  4 Ž .LEMMA 2.2. If f
 C X and t , t  S f , then f and f areR 1 2 Ž t , t . Ž t , t .1 2 2 1 extreme points of the unit ball of the closed subspace f of the dual of the
Ž .space C X .R
This is a consequence of the definition of an extreme point though some
 algebra is involved. We refer to the paper RS for a proof.1
Ž . Ž .THEOREM 2.3. If f is a function in C X , and card S f  3, thenR
Ž .   Ž .C X  f is not linearly isometric with C X .R R
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Proof. Since the distance between two distinct extreme points of the
Ž .dual of C X is 2, the proof is completed by exhibiting two extremeR
Ž .  points of the dual of C X  f such that the distance between them isR
 2. Before exhibiting these extreme points we identify the dual of the
  Ž .above quotient with the subspace f of the dual of C X .R
 4 Ž . Ž .Let t , t , t  S f . There is no loss of generality by assuming f t  0,1 2 3 i
for i 1, 3, if necessary by relabeling the t ’s and passing to 	f. Consider
 the extreme points  , 	 of f defined by
 f and 	 f .Ž t , t . Ž t , t .1 2 3 2
 It is verified that the 	 	 , which is the variation of the discrete
 measure 	 	 , is  2. For complete details of a proof see RS .1
We obtain the following interesting corollaries from the preceding
theorem. The second corollary is stated as a theorem.
Ž . Ž .COROLLARY 2.4. If T : C X  C X is a backward shift, and Ker TR R
Ž . Ž . S f , then 0 card S f  2.
THEOREM 2.5. If X is a compact Hausdorff space without isolated points,
Ž .then there is no backward shift on C X .R
We now remark on the situation when X is an infinite compact
Hausdorff space, with isolated points. In this case also there are no
Ž .backward shifts on C X , as one can see by using the following theoremR
 for a proof of which we again refer to RS .1
Ž . Ž .THEOREM 2.6. If T : C X  C X is a linear operator, and Ker T
  Ž . 	n f where 0 card S f  2, then the set  T f is not a densen1
Ž .supspace of C X .R
The proof that the Banach space of continuous complex valued func-
tions on an infinite compact space X does not admit a backward shift
Ž .needs an essential modification of the proof for the case of C X . WeR
 refer to RS for the proof.2
We conclude this discussion with the following corollary of the results
Ž .on C X stated above.
COROLLARY 2.7. The Banach space C of real or complex conergent
sequences with the supremum norm does not admit a backward shift.
We now proceed to discuss the problem of existence of backward shifts
Ž .on the function spaces L  , 1 p . We noted in Section 1 thatp
there are backward shifts on the sequence spaces l , 1 p , and thatp
Ž .there are no backward shifts on the space l  . We discuss now the
Ž .problem of existence of backward shifts on the spaces L  , 1 p ,p
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Ž .when the measure  is positive nonatomic. Since L  is nonseparable it
Ž .follows at once that there are no backward shifts on L  . Since the
Ž .space L  , 1 p , is separable only if  is 
-finite, we assume thatp
 is positive nonatomic and 
-finite.
Ž .The following property of the spaces L  , 1 p , p 2 is wellp
known and important for our discussion here.
Ž .THEOREM 2.8. If X, ,  is a 
-finite nonatomic positie measure
Ž .space then none of the spaces L  , 1 p , p 2 is isometric with ap
subspace of finite codimension.
 For a proof of this we refer to Campbell et al. CFS .
Ž .As an immediate consequence it follows that none of the spaces L  ,p
1 p , p 2, admit a forward shift. Hence by the duality theorem,
Ž .Theorem 1.8, it follows that none of the spaces L  , 1 p , p 2p
for  positive nonatomic admits a backward shift.
The proof indicated above does not extend to the case when p 1. One
Ž .way to show that there is no backward shift on L  ,  as above is to1
make use of proximity maps and the concept of a P -space.1
DEFINITION 2.9. A Banach space E is said to be P if for any Banach1
space F containing an isometric copy of E, there is a contractive projec-
 tion on F onto E. We refer to Day D for an account of P -spaces. If F is1
a Banach space and E is a closed subspace of F, we say E has the nearest
point property if for each x
 F, there is a point y in E nearest to x, i.e.,
   x	 y  x	 z , for all z
 E.
Ž .A map 
 : F E, such that for each x
 F, 
 x is nearest to x, is
   called a proximity map onto E; see Klee Kl and Phelps P . The following
lemma is easily proved using the above definition.
LEMMA 2.10. If M is a closed subspace of a Banach space E, of
codimension 1, and if M is the range of a contractie projection P on E, then
I	 P is a proximity map on E onto N, the kernel of P, where I is the identity
map.
Ž .THEOREM 2.11. There is no backward shift on the Banach space L  .1
Ž . Ž .We indicate a proof. If T : L   L  is a backward shift, then1 1
Ž .there is a linear isometry on L  onto M, where M, is the supspace
  Ž .f of L  , f a nonzero vector in Ker T. Since M is a P -space, there 1
Ž .is a contractive projection P on L  onto M, which is of codimension 1.
Hence the null space N of P is one dimensional. Now from the
nonatomicity of the positive measure  it follows that there is no linear
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Ž .proximity map on L  onto any of its one dimensional subspaces
contradicting the lemma.
We conclude the exposition stating some open problems. Some of these
 problems are stated in Ho and remain unsolved.
Ž .1 Let H be a separable infinite dimensional Hilbert space, and
Ž .C H, H be the Banach space of compact operators on H. Is there a
Ž . Ž .backward forward shift on C H, H ?
Ž . Ž .2 Is there a backward forward shift on the Cartesian product
l  l , with the supremum norm, for 1 p , p  ?p p 1 21 2
Ž . Ž .3 Is there a backward forward shift on the Cartesian product
C  l , with the supremum norm, for p, 1 p ?0 p
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